Effect of Favorable Pressure Gradients
on Turbulent Boundary Layers

Large favorable pressure gradients can cause the drag of a turbulent

boundary layer on a solid surface to decrease; if large enough, such
gradients can cause a return to laminar flow. Scaling relations and a
computational model for the viscous wall layer, recently developed in

this laboratory are used to interpret this phenomenon.

Introduction

A large literature now exists for turbulent flows along flat
surfaces in the presence of favorable pressure gradients. The
motivation for these studies is the finding that drag decreases
and that, for large enough pressure gradients, laminarization
occurs. This paper uses a conceptual and computational model
of turbulence close to a wall, recently developed by Nikolaides
(1984), to provide a better understanding of the scaling and of
the physics of this phenomenon.

It is generally accepted that the principal influence of pres-
sure gradients on the turbulence is in the region close to the wall
called the viscous wall region. The thickness of this region, y,,
made dimensionless with the kinematic viscosity », and a friction
velocity defined with the wall shear stress u*, is y} = 30-40 fora
zero pressure gradient flow. The decrease of drag in a favorable
pressure gradient can be associated with an increase in y;.

Considerable attention has been given to structural aspects of
the viscous wall region because it is believed they play a key role
in understanding how turbulence is generated at a wall. The fea-
ture that has been of most interest is the existence of “orga-
nized” eddies, attached to the wall, that are elongated in the
flow direction and have a dimensionless spanwise wavelength of
A* = Au*/v = 100 in a zero pressure gradient. These eddies
bring high-momentum fluid to the wall and eject low-
momentum fluid from the wall (Hogenes and Hanratty, 1982).
Tracer studies reveal that the ejection sometimes can lead to a
violent interaction with the outer flow, called a burst. The time
interval between these bursts is 77 = 100 for a zero pressure
gradient. Drag-reduction has been associated with a decrease in
T; or with an increase in A* (Fortuna and Hanratty, 1972; Eck-
elman et al., 1972).

A critical ingredient in the results to be presented is the defi-
nition of an effective pressure gradient P ( y*) for the viscous
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wall region:
=1+ Py* 1)
For a Couette flow P} = P*, where

Pt v dP )

- pu*? dx

For an accelerating flow (in a favorable pressure gradient) part
of the pressure gradient can be absorbed by inertia changes in
the fluid so that the magnitude of P is less than the magnitude
of P*. From Eq. 1 it is seen that the effective pressure gradient
evaluated at y,, P}, is related to the variation of the shear stress
through the viscous wall region.

=1+ Phy; 3

Tw

In this paper Nikolaides’ scaling arguments are used to
develop relations between A*, Tz, v7, and P, (or 7,/7,). It is
found that there is a minimum value of P}, for which the scaling
relations can be satisfied. It is argued that this condition closely
corresponds to where laminarization begins. The principal phys-
ical effects of a large favorable pressure gradient are the large
variation of shear stress in the viscous wall region and the large
direct transfer of energy from the pressure gradient to the turbu-
lence. The 214 D computational model developed by Nikolaides
(1984) is used to determine how these effects alter the turbulent
velocity field.

Scaling of the Viscous Wall Region
Scaling relations

It is assumed that the outer edge of the viscous wall region, y,,
resides in the log-layer. This outer edge is defined as a location
where viscous transfer of momentum becomes negligible com-
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pared to turbulent transfer. Consequently, a natural choice for
¥, for all levels of acceleration is the distance from the surface
where the ratio of the viscous stress to the total stress is equal to
some small constant a,:

Viscous shear stress  ud U/dy
Total shear stress T Y=Yo

=a 4

For the zero pressure gradient case, where the shear stress in
the log-layer is equal to the wall shear stress, dimensional rea-
soning and experimental results give

]

- )
Ky

dUu_ r,/p
dy

where « = 0.41 is the von Karman constant. Townsend (1961)
generalized this result for cases where the shear stress varies
with y:

dy Ky

If Eq. 6 is substituted into Eq. 4 the following relation for y, is
obtained:

YoNTofp 1

=Y (M
v Kdy

Here constant y? is chosen as 40 to be consistent with results

where 7 at y, equals 7. Thus @, = 1/16.4. It should be noted that

Eq. 7 is the same as the suggestion by Launder and Jones (1969)

that at the edge of the viscous wall layer the turbulent Reynolds

number takes on a constant value.

An established property of the log-layer is that the production
of turbulent energy, —uo d U/dy, is approximately equal to the
rate of dissipation of turbulent energy, designated as e (Town-
send, 1976, p. 138; Hinze, 1975, pp. 649, 737; Bradshaw, 1976,
p. 36). Therefore, since y, is assumed to be at the inner edge of
the log-layer,

__dUu
( “ dy )y-y,, = (Do ®

Outside the viscous wall layer an inviscid estimate can be
made for the dissipation which Tennekes and Lumley (1972, p.
21) call one of the cornerstone assumptions of turbulence theo-
ry:

and

do - (i)m —w)L, (11)

a,

By using Eq. 4, Eq. 11 is written as

1/2 12
q/(——) _U-a” (12)

P a}’®

The picture presented for the organized wall eddy by Niko-
laides suggests that its characteristic length in the spanwise
direction, A, is related to the distance in the z direction between
zero crossings of the v or w velocity. For a Gaussian signal the
zero crossing scale, defined as A = 5w N, (where N, is the fre-
quency of the signal) is equal to the Taylor microscale, A,. Con-
sequently, Nikolaides assumed that the wavelength of the wall
eddies is roughly equal to the Taylor microscale at y = y,; that
is,

Agly, = A/2m (13)

For an isotropic turbulence (Hinze, 1975, p. 219)

2

u
e=15u-}\—g (14)

This equation has also been used to define the Taylor microscale
in anisotropic turbulence with 3u? = (u? + 12 + u2) = ¢* (Ten-
nekes and Lumley, 1972, p. 66) By equating Eqs. 14 and 9 and
substituting Eq. 13 for A,, it is found that

Al

- 2

p _ 20K1: ¥ = (\)? (15)
v a9,

To be consistent with measurements for zero pressure gradient
the constant A\° is taken to be equal to 100. Relation 15 is the
same as the relations derived by Hinze (1975, p. 225) and by
Tennekes and Lumley (1972, p. 67), if ky, is substituted for 2.
The justification usually adopted for applying Eq. 14 to shear
flows is the assumption that small-scale eddies defining A, are
isotropic, even though the large-scale turbulence is anisotropic.
Errors in this assumption are not critical since Eq. 14 is used
here only to obtain a scaling relation.

Again, from arguments presented by Nikolaides, the period
Ty is obtained by assuming that at y, where viscosity is not

q affecting the wall eddy, transient terms are of the same order as
e=diy (®)  the convective terms in the Navier-Stokes equations:
where ¢* = u? + v* + w? and £ is a characteristic length of the du, A,
large eddies. In applying Eq. 9 to wall turbulence it follows that o "W a_x, (16)
in the log-layer, £ varies linearly with distance from the wall and
equals the Prandtl mixing length (Bradshaw, 1976, p. 37). This This can be true if
can be seen by substituting Eq. 6 into Eq. 8. The resulting equa-
tion is satisfied at y = y,, if
__\/‘UI—’ ~ Tolp )
L =xy, (10) Ty A
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or, equivalently,
To(ra/0) _

v

z (18)

The following relations that describe the influence of favor-
able pressure gradients on parameters characterizing the vis-
cous wall region are therefore derived:

7 \1/2
Vo =Yo (T—) (19)
7, \1/2
4 =4, (T—) (20)
1/2
A =N (TT-‘!) (21)
T} - T° (?) (22)

with yJ = 40, g5 = 2.72, \° = 100, and T° = 100.

It is noted that the parameter 7,/7,, representing the shear
stress variation in the viscous wall region, describes the
influence of the pressure gradient. This can be calculated from

Eq.1as

(23)

1/2
s pi(2)

Ty 7,
We have chosen to correlate y;, g} ,A*, and T} vs. P}, (rather
than 7,/7,) in Figure 1. The interesting aspect of these plots is
that they show a minimum value of P}, = —0.00962 for which
the scaling relations can be satisfied. At this minimum,
Yo =69.28, A\* = 173, T} = 300, v} = 0.333, and ¢} = 1.57.
The value of 7,/7, (and P*) decreases as one progresses to
smaller P,, along the lower branches and to the larger P, along
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Figure 1. Variation of streak spacing, bursting period,
and edge of viscous wall layer with P;,.
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the upper branches of the curves in Figure 1. The rapid increase
in y; along the upper branch suggests that the log-layer disap-
pears and that laminarization occurs with decreases of 7,/7, at,
or somewhat lower than, 0.333. Thus P}, = —0.00962 could rep-
resent a criterion for the approach to laminarization and the
upper branches could be meaningless since they were calculated
assuming that y, is located in a log-layer.

Comparison of scaling relations with measurements

Parameters used in the literature to represent the effect of
pressure gradient on turbulent boundary layers are

v dU.
-——— 4
K U? dx (24
and
v dP
Pt = _p——u*3 = (25)

Therefore, in order to compare the scaling relations developed in
the previous section it is necessary to relate P7, to these parame-
ters. This is accomplished by using the following relation devel-
oped by Julien et al. (1969) and Loyd et al. (1970) for asymp-
totic similar sink flows for the region y* < 150:

Cr 1 +
+ + o, 7 e g+
T—-1+Py(1 2y+f0 U dy) (26)
From Eq. 24,
Pt — P+1_ny+”ﬁ*zdy+ 27
eo 2 J,

Experimental data for C;/2 = ,,/pU? for asymptotic boundary
layers are given in Figure 2. These along with U*( y) calculated
with the computational model discussed later are used to relate
P*and K* to P,
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0.0015 | | | | |
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K x 108
Figure 2. Skin friction coefficient data of several investi-
gators.
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Figure 3. Streak spacings and bursting periods.

Results obtained using the scaling arguments and mean velocity
profiles of several investigators

Comparisons of the calculated effects of K* on A* and T}
with measurements are given in Figure 3. Good agreement is
noted.

Comparison of scaling relations with laminarization
results

It is of interest to compare the minimum P}, = —0.00962 with
experimental criteria for laminarization. Again, by using the
calculated velocities presented in the next section and Eq. 27, it
is found that P}, = —0.00962 corresponds to K* = 2.8 x 107°
and P* = —0.0225. These compare favorably with the experi-
mental values of 2.5 x 107¢= K* = 3.5 x 10~ and of —0.02 =
P* = —0.025. (Launder, 1963, 1964; Kline et al., 1967; Moretti
and Kays, 1965; Launder and Stinchcombe, 1967; Back and
Seban, 1967; Loyd et al., 1970; Jones and Launder, 1972; Patel,
1965; Badri Narayanan and Ramjee, 1969.

Patel and Head (1968) suggest A} = (v/pu**)(dr/dy) as a
criterion for laminarization. They approximated the variation of
7* in the wall region with a linear relation and suggested from
experimental measurements that A} = —0.009. It is to be noted
that at the minimum of P}, (dr*/dy*), = P, = —0.00962. Fur-
thermore, from the calculated values of 7,/7, = 0.333 and of
¥, = 69.28 it is found that the scaling relations give (r; — 7;})/
y§ = —0.00962 for P}, = —0.00962. Thus the use of the mini-
mum P, as a criterion for laminarization is also consistent with
the proposal of Patel and Head.

Computational Model
Review of previous work

Hatziavramidis and Hanratty (1979) explored a simple 214D
computational model to represent the time-varying velocity field
in the viscous wall region. Use was made of the observation of
elongated flow structures to assume that derivatives of hydrody-
namic variables in the flow direction are negligible. The three
velocity components were calculated in a plane perpendicular to
the direction of mean flow by solving the unaveraged Navier-
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Stokes equations. The boundary conditions at y, were repre-
sented by a velocity field homogeneous in the flow direction,
periodic in the spanwise direction and in time with wavelength
of A* = 100 and period T3 = 100. Statistical characteristics of
the flow field, calculated from the Hatziavramidis model by
averaging in time and in the spanwise direction for fixed y, are in
good agreement with measurements for zero pressure gradient.

Nikolaides (1984) recognized that the boundary conditions
used by Hatziavramidis and Hanratty are unrealistic in that
they do not take account of the experimental evidence that
eddies with larger spanwise wavelengths that A\* = 100 domi-
nate the flow at y; . He repeated the calculations using a velocity
field that has two harmonics, A{ = 100, T} = 100 and A\; = 400,
T3 = 400. These provide a better representation of the variation
of spanwise velocity fluctuations and of the dissipation of ener-
gy.

These calculations give the following physical picture. The
viscous interaction with the wall is controlled by disturbances in
the y-z plane, which are elongated in the flow direction with a
wavelength of A* = 100 for a flow with zero pressure gradient.
These disturbances bring high-momentum fluid toward the
wall, exchange momentum with the wall to create velocity-defi-
cient fluid, and transport this velocity-deficient fluid away from
the wall. The wall eddies, by this process, convert mean flow
energy transported to the viscous wall region into large stream-
wise velocity fluctuations. This is manifested by the observed
maximum in %* at y* ~ 12 and the finding that the calculated
variation of #* with y* close to the wall is independent of the
streamwise velocity fluctuations imposed at y} . The streamwise
velocity fluctuations, created in the viscous wall layer, are con-
verted into normal and spanwise fluctuations beyond y} = 40,
through a correlation between fluctuations in the pressure and
velocity derivatives in the flow direction. These, in turn, interact
with the wall to repeat the cycle.

Description of computational model

This computational model of Nikolaides has been used to
study the effect of favorable pressure gradients on turbulence
properties of the viscous wall region. As mentioned above, the
model makes use of the observation that turbulence scales in the
flow direction are longer than in the spanwise and normal direc-
tions in the viscous wall region. The Navier-Stokes equations
are, therefore, simplified by neglecting all derivatives in the x
direction:

dv WY  d(vw) 1dp v v
o oy TTar T el tar @B
w  dow) W) 1dp tw  FPw
ot Ty Ve T pa e tar,

aUu  d(wlU) awl) dr *U U
—t 0+t = -+l + 5| (30)
ot ay 0z dy ay 9z
AL 31
9z By (D
where U = U + u and
dr 19P _9U _oU
Tz U (32)

= —_ JR— V—
dy pc’)x+ 6x+ dy
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It is noted that the assumption of homogeneity in the streamwise

direction decouples the v and w equations from the U equation,

which makes numerical solution of Egs. 28-32 easier.
Equations 2832 are solved using the boundary conditions

U=v=w=0 aty=0

dv ow
=0, —=0, — = =0, =2z,
w Ew 3 0 atz=0, z=z

where 2z, = \,/2. The upper boundary of the computational

domain is located at the outer edge of the viscous wall region, y,,
where the velocities are specified as follows:

R 2t . [2nz
w =W, cos T+<I>wl sin ~

1 1

+ W, cos

¥, COS 2ut + ¢,; | sin 2nz
v=>0 e —_—
1 Tl 421 Al

2t 2
+ B, cos (—% + <I>,,2) sin (AL:) (34)

2wt . [2wz
T + ‘sz) sin (T) (33)

2 2

U=Uy,) + i, cos

2wt . 2wz
'T] + Qul sin Tl

. 2wt . [2mz
+ U, cos (7" + Q’uz) sin (T) (35)

2 2

The components with X\, and T, scales are associated with the
wall eddies, while the components with A, and T, scales reflect
the contribution of the outer flow eddies to the dynamics of the
viscous wall region.

It should be noted that the specification of w and v at y, also
amounts to the specifications of v at the first grid points from y,
since the finite-difference scheme requires that conservation of
mass, Eq. 31, be satisfied. The possibility of using conservation
of mass directly in the boundary conditions was also considered.
This would have required the specification of dv/dy at y, rather
than ». This was not pursued because of anticipated numerical
difficulties, and because it was felt that the accurate specifica-
tion of v at y, is critically important. Present experimental
results suggest that the v velocity is the most energetic A* =~ 100
component at y, and that the A* = 100 eddies at the wall are
associated more strongly with the v velocity component at y,
than with the w component.

The principal influences of a favorable pressure gradient
according to the computational model are the changes in the
specification of the amplitudes and scales in Eqgs. 3335 caused
by the large change in 7 through the viscous wall region and the
appearance of dr/dy in Eq. 32. For a zero pressure gradient this
term is zero. For the favorable pressure gradient case —dr/dy is
a positive momentum source term that causes variations of u in
the y, z plane.

If the advective terms on the righthand side of Eq. 32 are neg-
ligible,

T =1 + Pyt (36)
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Experiments by Sandborn and Slogar (1955) and by Bradshaw
(1969) show that acceleration within the viscous wall region
cannot be neglected and that Eq. 36 is incorrect for flows with
high favorable pressure gradients. The special case of an asymp-
totic similar sink flow is assumed so that the variation of 7+ with
y* is calculated from Egs. 1, 26, and 27. Thus

dr* _
d;+ -p (1 - %’ U+2) (37)
and
L fye
P} = P* (1 - —g—fy—+ V% dy+) (38)

Specifications of the flow at y,

The principal theoretical problem in using this 214D model is
the specification of the parameters in the boundary conditions,
Eqs. 33-35. The conditions used by Nikolaides for a zero pres-
sure gradient are as follows

Yo =40
=\ =100
T§ =\ =400
E,, =i /(@ + f1;) = 0.15
E, = /(3 + 8,) =0.75
E,, = W,/(W; + W,) = 0.40
®, =216° &, =36" &, =0
B, =1944" &, =90 &,,=270°

These parameters were chosen to agree with presently avail-
able measurements of the velocity field at y} = 40 for a zero
pressure gradient case. The detailed reasoning behind their
choice may be found in the thesis of Nikolaides (1984). Good
agreement between the calculated and measured velocity fields
and between calculated and measured energy balance relations
was obtained with the above choice of parameters.

As might be guessed, there is some leeway in the choice
because of the lack of information about the exact flow behavior
at y,. For example, the representation of all large-scale motions
with A = 400 is a simplication, but the calculated results are
not very sensitive to the selection of A\;. However, in varying
these parameters characterizing the flow behavior at y} = 40
certain criteria had to be satisfied to be consistent with estab-
lished experimental results. The total #?, v%, and w” energies at
¥+ had to agree with measurements. The specification of E,,
E,,, and E, had to be consistent with the observation that most
of the energy of the v component and very little of the energy of
the u component is associated with A* = 100 wavelengths at
¥+ = 40. The phase angle &, was chosen so that )\, eddies were
closed for 0 < y* < 40 and open for 0 < y* < 20 most of the time.
The phases ®,;, — ®,, and &,, — ®,, were chosen so as to cor-
rectly specify the Reynolds stress at y; = 40. Phase difference
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&®,, — ®,, was chosen so that the X, eddies are open all the time.
The value U; was adjusted so that U* = y* for y* — o.

In order to use this model to examine the effect of favorable
pressure gradients it is necessary to address the question of how
the boundary conditions change from those specified for the zero
pressure gradient case.

Badri Narayanan and Nerasimha (1974) showed that the
Reynolds stress correlation stays roughly constant at about 0.5
in both accelerated and nonaccelerated flows. This constancy of
the Reynolds stress correlation at y,; was also observed in experi-
ments of Nyden (1985). This information is used to support the
assumption that the phase angles and the relative energies of u
and v are independent of the acceleration. Thus variations in the
Reynolds stress reflect variations in amplitudes of the fluctuat-
ing velocities. Jones and Launder (1972) also found that the
intensities of the different turbulent velocity components in a
flow with a large favorable pressure gradient are roughly in the
same proportion to each other as in a nonaccelerated flow and
that the intensity levels are set by the local shear stress. There-
fore, it is assumed that all the amplitudes in Eqs. 33-35 change
by the same fraction, given by Eq. 20, in an accelerating flow.
Furthermore, it is assumed that A{, T{ are given by Eqgs. 21 and
22, and that the ratios A,/\,, 75/ T are the same as for the non-
accelerating flow.

Some other minor changes were made in the boundary condi-
tions used by Nikolaides for the zero pressure gradient case so as
to give a better fit to the following equations for the mean veloc-
ity and the velocity gradient at y,:

Ut=244Iny* + 5 (39)
dU+ 244
oy 0

These involved changing Ev, = 9,/(9, + ©,) from 0.75 to 0.70,
Ew = W, /(W + W,) from 0.40 to 0.37, and the phase &,, from
194.4 to 196 degrees.

Numerical methods

Calculations were done for a fixed P}, or a fixed y;. The
stream function-vorticity formulations of Eqs. 28 and 29 were
solved numerically with the alternating direction implicit
scheme to evaluate v and w. Details may be found in a thesis by
Finnicum (1986).

An iterative procedure had to be used to calculate U from Eq.
30 since U*(y) had to be known to specify P* or dr*/dy* (see
Eqgs. 37 and 38). Also, during the iteration procedure slight
adjustments were made in U™ at y, so that the Couette flow rela-
tion

Ut =y* + Py*¥)2 41)

was exactly satisfied for y* — 0.

It is noted from Eqgs. 37 and 38 that the friction coefficient has
to be known to calculate P* and d7*/dy”* from the specified P;,.
The computational model does not calculate C;/2 since it con-
siders only 0 < y* < y;. Consequently the experimental results
in Figure 2 were used. Here the acceleration is expressed in
terms of the group K defined by Eq. 24. It is seen that for K
values greater than 1.5 x 107 (P* < —0.012), C;/2 is constant
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and equal to 0.0025. Stronger accelerations than about K =
2.8 x 107% cause relaminarization of the boundary layer. This is
associated with a drop of C;/2 to the accelerated laminar value,
which can be determined analytically (Launder and Stinch-
combe, 1967) as

C;/2 = 1.155K"? (42)

For example, an accelerated boundary layer, with K = 2.8 x
1075, that is undergoing relaminarization will have its skin fric-
tion coefficient decrease from 0.0025 to 0.00193.

To test the spatial resolution of the program, the number of
grid points in the y direction was increased from 51 to 101, and
in the z direction from 101 to 201. The fourth-order moments
calculated for a nonaccelerated flow were found to be equivalent
to six significant figures. Therefore, all the calculations were
done with a 51 x 101 grid. The time step used was At* =
0.333.

Results of Numerical Calculations
Conditions for the calculations

Calculations were done for three values of y). These corre-
spond to a nonaccelerated flow P, = 0, y = 40), a flow with a
large favorable pressure gradient (P;, = —0.0096, K = 2.8 x
107¢, y+ = 69.3), and a flow with a moderate favorable pressure
gradient (P, = —0.0087, K = 2.03 x 1075, y7 = 56.0).

Average properties were calculated at a fixed distance from
the wall after the calculations reached a stationary state. This
was done by averaging in time and in the z direction. A compari-
son of the calculations with the measurements for the zero pres-
sure gradient case has already been made by Nikolaides (1984).
The main focus of this presentation will therefore be to examine
the effect of favorable pressure gradients.

Calculated statistical properties

Figure 4 shows calculated mean velocities. The dash-dot
curve is the laminar sink flow solution of Pohlhausen (1921)
that, as pointed out by Launder and Stinchcombe, would be

25 T T T T T T

20 |- ya 2

K=0.0 _
———K=2.0x10%
....... K=2.8x10"¢
—.— Laminar K=2.8x10°®

I | 1 | | |
0 I0 20 30 40 50 60 7O
y +

Figure 4. Calculated mean velocity profiles.

AIChE Journal



25 T

||II||I| 1 I|IT1_'_Y1 L} T 1 77T
20— u%a%:n o oo
god %50
o
DgD— 0°
= 15— g 0° 1

10— .
0 K =00 [Loyd et.al. (1970)]

. 0 K=20xIG%[Loydet. al. (1970)]
— K =0.0 Calculation
==¥K=2 x {0 Caiculation

o vyl v vl 1

0

10 !

10 . 10? 10®
y

Figure 5. Mean velocity profiles, calculated and experi-
mental.

obtained after the relaminarization of a flow with a pressure
gradient just greater than P* = —0.0225.

In the viscous wall layer (y* < 6), velocities for the acceler-
ated flows are slightly less than for the nonaccelerated flow.
This is because the velocity profile has to satisfy Eq. 36 for y* —
0. As the imposed pressure gradient increases, the velocity pro-
file outside the viscous wall layer increases toward the laminar
value, indicating that the flow is becoming less turbulent. The
results in Figure 4 agree with Eq. 6, which predicts that the
slope of the mean velocity profile at y; should be lower in favor-
able pressure gradients, since 7; is lower and y; is higher. These
trends are in agreement with experimental results found in the
literature (Jones and Launder, 1972). Mean velocity data of
Loyd et al. (1970) for K =0 and K = 2 x 107 are compared
with calculated profiles in Figure 5. Good agreement is
observed.

Calculated u intensity profiles are presented in Figure 6.
Increasing the favorable pressure gradient has the effect of mov-
ing the peak of the profile away from the wall and of slightly
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Figure 6. Calculated intensities of streamwise velocity
fluctuations.
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Figure 7. Calculated intensities of normal and spanwise
velocity fluctuations.

lowering the maximum value. Figure 7 shows the v and w inten-
sity profiles. In contrast to the u intensity profile, there is a dra-
matic decrease in the fluctuations throughout the viscous wall
region as the imposed pressure gradient is increased. The Reyn-
olds stress, shown in Figure 8, also shows a dramatic decrease in
amplitude.

These results agree with experimental data (Jones and Laun-
der, 1972; Launder and Stinchcombe, 1967; Badri Narayanan
and Ramjee, 1969) showing a high streamwise intensity at pres-
sure gradients up to the relaminarization point. The data of
Badri Narayana and Ramjee indicate that after relaminariza-
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Figure 8. Calculated Reynolds stress and Reynolds
stress correiations.
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tion there is rapid decay of streamwise fluctuations until an
essentially laminar flow remains.

Reynolds stress correlation results are also shown in Figure 8.
No effect of pressure gradient is observed on the correlation of
the Reynolds stress. This indicates that the decrease in the
Reynolds stress is associated more with a reduction in the ampli-
tude of the secondary motion than with a change in the basic
processes invoived.

Figure 9 shows the streamwise skewness and flatness profiles
for the three cases. The large positive skewness near the wall is
the result of inflows of high streamwise momentum close to the
wall and the negative skewness is the result of ejections of low-
momentum fluid. As seen in Figure 9, both quantities are
roughly independent of pressure gradient.

The equation for the mean flow kinetic energy in a boundary
layer is as follows:

“(_](173_%r I7au) Y

ox 8_y p Ox ay
I I 1
R (2 T L L )
ay dy\ oy ay
v \" VI

Term 11 is the energy transferred directly to the mean flow by
the pressure gradient. Term I is the energy used to accelerate
the flow. Term VI is the direct viscous dissipation of mean flow
energy into heat. Term IV is the dissipation of mean flow energy
into turbulence. Term 111 is the turbulent transport of mean flow
energy. Term V is the viscous transport of mean flow energy. To
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Figure 9. Calculated skewness and flatness factors of
streamwise velocity component.
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Figure 10. Kinetic energy balance for mean flow.
Ordinate made dimensionless with wall parameters

be consistent with Egs. 30 and 32, terms I and II are combined
into the single term,

_d7 __9U —dU\ -aP
U= = \UU=+U=|-U— 44
dy ( dx ay) dx (44)
VIl 1 Il

which represents the portion of the energy associated with the
pressure gradient that does not go into accelerating the mean
flow.

A comparison of the terms in the mean flow energy balances
for the cases of P}, = 0 and of P}, = —0.00962 is given in Figure
10. Integrals of the terms from the wall to y* are given in Figure
11. Term VII is zero if PS, = 0. In this case the viscous wall
region receives mean flow energy from the outer flow in an
amount equal to the integral of III over the region 0 to y; . Term
V redistributes mean flow energy and does not cause either a net
increase or decrease in the viscous wall layer. Therefore the net
effect of the mean flow energy that diffuses into the viscous wall
region is to supply energy needed to generate turbulence, term
IV, and to satisfy the direct viscous dissipation by the mean
flow, term VI.

For P} = —0.00962 about two-thirds of the energy supply
associated with the pressure gradient goes into accelerating the
flow. The remainder, term VII, makes a contribution approxi-
mately equal to the turbulent diffusion, term III. The interesting
aspect of these balances is that the large favorable pressure gra-
dient causes a reduction of the turbulent diffusion of mean flow
energy into the viscous wall layer. However, this is compensated
by the energy supplied by the pressure gradient, so that the total
energy supplied to the mean flow in the viscous wall layer is
approximately the same for P}, = 0 and for P}, = —0.00962. The
mean flow energy directly dissipated by viscosity is slightly
greater for P}, = —-0.00962 than for P}, = 0. Thus the generation
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Figure 11. Integrals from O to y* of terms in kinetic
energy balance for mean flow.
Ordinate made dimensioniess with wall parameters

of turbulence in the viscous wall layer for P}, = —0.00962 is
somewhat smaller than for P}, = 0, but quite significant consid-
ering that this corresponds to a condition close to laminariza-
tion.

The equation for the total kinetic energy of the fluctuating
velocities in a boundary layer is as follows:

- — _8_ e\l ;58_—[2
PP 3) e
1 11
2 7
S (q—)—u%% (45)
0x0x;\2 Ax; 0x;
1 v

Terms 1 and 1II are transfer terms that redistribute the turbu-
lent kinetic energy between different regions of the flow. Term 1
represents the convective diffusion by turbulence of the turbu-
lent kinetic energy. Term III represents the viscous diffusion of
turbulent kinetic energy. Term II represents the production of
turbulent kinetic energy by the mean flow energy. This term is
exactly the same as term IV in Eq. 43 except that it is of opposite
sign. Term IV is the dissipation that would occur in an isotropic
field. It is used here instead of the true dissipation because this
formulation allows for straightforward physical interpretation
of the viscous terms.

The calculated turbulent kinetic energy balance is shown in
Figure 12. Here, all terms are made dimensionless with v and a
friction velocity defined with the wall shear stress. The produc-
tion of the turbulent kinetic energy is large throughout the vis-
cous wall region. The production curve for P}, = 0 reaches a
maximum of 0.25 at y* = 12. This is expected since the produc-
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field.

Ordinate made dimensionless with wall parameters

tion is the product of the turbulent and viscous stresses, whose
sum is equal to 1 in wall variables. This means that the product
is maximized when the two stresses are equal to each other and
attain the value of 0.5 in wall units. At the wall the dissipation is
equal to the viscous diffusion of the turbulent kinetic energy.
Dissipation is fairly large throughout the viscous wall region.
The effect of the favorable pressure gradient, P}, = —0.00962, is
to reduce the magnitudes of all the terms. However, no dramatic
changes are observed in the relative importance of the different
terms in the kinetic energy balance. Furthermore, as can be seen
from Figure 13, the total net production of turbulence in the vis-
cous wall region is roughly the same for P}, = 0 and for P}, =
—0.00962. This turbulence diffuses into the region outside the
viscous wall layer, where a net dissipation occurs.

Discussion
Summary of results

This paper uses scaling relations and the 214D model of Niko-
laides to provide an understanding of how favorable pressure
gradients affect turbulence characteristics of the viscous wall
layer. Favorable pressure gradients cause an acceleration of the
fluid and a decrease of the shear stress with distance away from
the wall. It is argued that the effect on turbulence is felt mainly
through this shear stress variation. Shear gradients affect turbu-
lence in the viscous wall region by acting as a source term in the
streamwise momentum equation and by changing the flow at
Ys-

The scaling relations developed depend on the assumption
that y; is located at the inner edge of a log-layer, which has
properties defined by Egs. 6, 8, and 9. The principal result is that
magnitudes of the fluctuating velocities, time parameters, and
spatial parameters at y, scale with the local shear stress rather
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than the wall shear stress. Available laboratory measurements
are used to argue that phase relations at y, are unchanged in the
presence of a favorable pressure gradient.

Good agreement is noted between the calculated velocity field
and measurements. The calculated large influence of K on the v
and w velocity components, shown in Figure 7, could have been
anticipated from the scaling relations, which predict that v* and
w* decrease at y; with increasing K.

The magnitude and location of the maximum in u* seem to
determine the character of the u* vs. y* curves. Consequently,
as can be seen from Figure 6, the decrease of u* at y; with
increasing K* has only a small influence. The large effect of K
on the Reynolds stresses, shown in Figure 9, is a consequence of
the decrease in v*. The calculated small effect of K on the
Reynolds stress coefficient also could have been anticipated
since the scaling relations required that this coefficient be inde-
pendent of K at y7.

The most interesting result from calculations with the 214D
model is the determination of the influence of the shear stress
variation on the energy balances. The pressure gradient provides
a direct source of energy to the viscous wall layer through the
dr/dy term. However, this seems to be balanced by a decrease of
the diffusion of mean flow energy so that the net transfer of
mean flow energy to the viscous wall region is approximately the
same for a flow with zero pressure gradient and for flows with
large enough favorable pressure gradients that they are close to
relaminarization, Figure 11.

The mean flow energy is directly dissipated by viscosity and is
used to produce turbulence. As can be seen from Figure 11, the
total production of turbulence (when scaled with the wall shear
stress and kinematic viscosity) is approximately the same for a
zero pressure gradient and for a large favorable pressure gra-
dient. The total dissipation of turbulence in the viscous wall
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Figure 14. Scaling relations compared with computer ex-
periments of Spalart (1986).

region is also nearly the same. This leads to the interesting
result, shown in Figure 13, that the net total production of tur-
bulence in the viscous wall region is roughly the same for a zero
pressure pressure gradient and for a large favorable pressure
gradient. Since there is a net dissipation of turbulent energy in
the region y* > y7}, it is necessary that net production in the vis-
cous wall region remain positive in order for the turbulence to be
sustained. The calculated results therefore indicate that the tur-
bulence production process does not deteriorate provided that
the scaling arguments remain correct. This suggests that lami-
narization is related to a breakdown of the scaling arguments.

Relaminarization

It is therefore of interest to understand the physical signifi-
cance of the finding that the minimum value of P, (for which
scaling relations hold) corresponds closely to the conditions for
relaminarization found in laboratory experiments.

From Figure 2 it can be seen that C/2 is a constant for mod-
erate and large favorable pressure gradients. Therefore, from
Eq. 27, it is concluded that the upper branches of the curves in
Figure 1 correspond to a region where the mean velocity profile
increases more rapidly than P* decreases. This observation
might provide a sufficient physical interpretation since it agrees
with the study of Patel and Head (1968) which showed that a
rapid increase of the mean velocity is a sign of imminent relami-
narization.

However, as indicated in the previous section, it is also of
interest to examine how the scaling arguments might break
down. This could occur because of the disappearance of the log-
layer, since the scaling assumes y, is located in the log-layer. It
also could occur because the characteristic Reynolds number of
the outer flow becomes so small that the net dissipation of turbu-
lent energy in the region y* > 7 is much larger than what is
predicted from scaling relations developed for high Reynolds
number flows. A criterion developed by Bradshaw (1969) seems
to address this issue.

AIChE Journal



Bradshaw defined an eddy Reynolds number as 2(r/p)"/?/»,
where £ is the dissipation length parameter defined by Eq. 9. He
argued that when this is too small turbulence cannot exist. In the
log-layer, = xy. Beyond the log-layer, y > 0.28, a good approxi-
mation is that £ = 0.2«8.

In a zero pressure gradient flow the maximum eddy Reynolds
number occurs at the outer edge of the log-layer. For flows with
large favorable pressure gradients 7(y) decreases with y so the
maximum value of the eddy Reynolds number occurs some-
where in the log-layer. According to Bradshaw, laminarization
will occur when the maximum is at the outer edge of the viscous
wall region; that is,

(r/0)'"%y
14

=Y (46)

max

The derivative of the eddy Reynolds number with respect to y
provides the following criterion for a maximum:

dr* y*
+
Z__0 )
T+ FRa) 47
Substituting Eq. 1 for 7* gives

(r/0)"%y —(/m)?

v - 1dr* (48)
+ -
Pet + 3 Ay

at a maximum. Now if the maximum occurs at edge of the vis-

cous wall layer it is necessary that

_ T;Ll/z

Vo=40 = 5V (49)
( )o

Pe} + —
e°+2 dy*

This shows that the criterion of a maximum eddy Reynolds
number at the edge of the viscous wall region is satisfied at the
minimum of P}, = —0.00962, where P/, = (d7*/dy*),and 7} =
0.333.

Comparison with direct numerical simulation

During the review of this manuscript a recent paper on the
direct numerical simulation of sink flow boundary layers (Spal-
art, 1986) was called to our attention.

These new experimental results provide additional support to
the scaling used in this paper. Spalart finds a correlation coeffi-
cient for the Reynolds stress at y, equal to 0.5, that is approxi-
mately the same for K = 0, 1.5 x 107 This is consistent with
the experimental results of Badri Narayanan and Narasimha
(1974) and with the assumption made in this paper that the
phases of the velocity components at y, remain unctarged. The
influence of K on the maximum values of w* and v* computed
by Spalart are compared in Figure 11 with the values at y;
obtained from scaling arguments. The good agreement supports
the result that turbulence quantities at y; are unchanged if they
are scaled with a friction velocity based on the local shear stress.
The energy balances as well as Figure 9 of the Spalart paper
support Eq. 8, used in developing the scaling relations.

The numerical experiments show that a turbulent boundary
layer cannot be sustained at K = 3.0 x 107° but can be sustained
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at K = 2.5 x 107 This agrees with present laboratory measure-
ments and the value of K = 2.8 x 107% obtained if one uses the
minimum P, as a criterion. N

Figure 13e of the Spalart paper gives a balance of ¢*, for K —
1.5 x 1075 This can be compared with the balance of ¢°/2
shown in Figure 12 of this paper if the terms in the energy bal-
ance are divided by two. Good, but not exact, agreement is not-
ed. Both investigations show a change in the magnitudes, but not
in the relative values of the terms in the energy balance with
increasing K.
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Notation

C; = skin friction coefficient
£ = characteristic length of large eddies
P = pressure
P* = dimensionless pressure gradient, Eq. 25
P, = effective pressure gradient
q = characteristic turbulent velocity
t = time
T = period
Ty = bursting period
u = fluctuating streamwise velocity
u? = friction velocity = (,/p)'/?
U = streamwise velocity
U, ~ free stream velocity
V = velocity component normal to wall
v = fluctuating normal velocity component
w = fluctuating spanwise velocity component
W = velocity component in spanwise direction
x = coordinate in flow direction
y = coordinate normal to wall
y* = dimensionless y(y* = yu*/v)
z = coordinate in spanwise direction

Greek letters

A, = shear stress gradient parameter
¢ = dissipation
x = von Karman constant = 0.41
&, ~ phase of velocity component i
A = streak spacing
A, = Taylor microscale
i = molecular viscosity
v = kinematic viscosity
p = density of fluid
7 = shear stress
7,, = wall shear stress

Subscripts

o0 = quantity located at outer edge of viscous wall region
w = evaluated at wall

1 = quantity associated with inner eddies

2 = quantity associated with outer eddies

Superscripts
+ = nondimensional with friction velocity, #*, and kinematic viscos-
ity
o0 = quantity scaled with shear stress at outer edge of viscous wall
region and assumed constant independent of acceleration

Other symbols

—— — time average
| | = amplitude
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